We analyze the thermodynamics of the noncommutative high-dimensional SchwarzschildTangherlini AdS black hole with the non-Gaussian smeared matter distribution by regarding a noncommutative parameter as an independent thermodynamic variable named as the noncommutative pressure. In the new extended phase space that includes this noncommutative pressure and its conjugate variable, we reveal that the noncommutative pressure and the original thermodynamic pressure related to the negative cosmological constant make the opposite effects in the phase transition of the noncommutative black hole, i.e. the former dominates the UV regime while the latter does the IR regime, respectively. In addition, by means of the reverse isoperimetric inequality, we indicate that only the black hole with the Gaussian smeared matter distribution holds the maximum entropy for a given thermodynamic volume among the noncommutative black holes with various matter distributions.
Introduction
As a fascinating object, a black hole is increasingly popular in the classical and quantum gravity theories [1, 2] . Its thermodynamics has been studied [3] [4] [5] [6] , especially in the AdS spacetime where the geometry plays a pivotal role in recent developments of theoretical physics [7, 8] . The AdS/CFT duality [9, 10] offers a powerful tool to tackle nonperturbative features of a variety of physical systems, and the holographic principle [11, 12] provides a way to study dynamics of a general gravitational system. The most typical example is the area law relating the entropy of a semi-classical black hole to its horizon area.
Moreover, the introduction of a negative cosmological constant injects new vitality into the research of thermodynamics of black holes, i.e. the variation of the cosmological constant enters the first law of thermodynamics [13] [14] [15] [16] [17] . When the cosmological constant is interpreted as the thermodynamic pressure P in the equation of state,
where n stands for the dimension of spaetime and l represents the curvature radius of the AdS spacetime, the mass of black holes is identified with the enthalpy rather than the internal energy.
As is known in some more fundamental theory, physical constants, such as the Yukawa coupling, the gauge couplings, the Newton gravitational constant, and the cosmological constant, are not fixed but vary as dynamical variables, which arises from vacuum expectation values. As a result, variations of these so-called constants should be included in the first law of black hole thermodynamics, as shown in the Born-Infeld black hole [18, 19] and the Gauss-Bonnet black hole [20, 21] . Recently, the thermodynamics of a noncommutative black hole has received wide attention [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . Noncommutative black holes, i.e. noncommutative geometry inspired black holes, originate from the possibility of implementing an effective minimal length responsible for delocalization of the point-like object in general relativity. The main idea is that the noncommutativity of spacetime would be an intrinsic rather than a super-imposed property of manifold. To realize such an idea, one can modify the energy-momentum tensor in terms of smeared matter distributions, such that this modified tensor describes a kind of anisotropic fluid rather than the perfect fluid, but keep the Einstein tensor unchanged in the field equations of gravity [28] . As a result, the metric of noncommutative black holes is the solution of the modified Einstein's equations. There are two archetypical features of such noncommutative black holes. One is that no singularity exists at the origin which can be smeared out by a specific matter distribution. The other is that it naturally contains an extreme configuration of black holes with a minimal length which originates from the horizon radius of the extreme black hole. The features eliminate the unfavorable divergency of the Hawking radiation.
In this paper, based on a new extended phase space associated with a noncommutative parameter as an intensive variable, we investigate the thermodynamics of the noncommutative high-dimensional Schwarzschild-Tangherlini AdS black hole [33] with the non-Gaussian smeared matter distribution [34] [35] [36] . By making a dimensional analysis of the noncommutative parameter and an analogy of it with the cosmological constant [13] [14] [15] [16] [17] , the Born-Infeld parameter [18, 19] , and the Gauss-Bonnet coupling constant [20, 21] that are all dealt with as a kind of thermodynamic pressure, we regard the noncommutative parameter as an independent thermodynamic variable called the noncommutative pressure. Under this assumption, such pressure will appear in the generalized Smarr relation and its variation will be included in the first law of thermodynamics. In particular, we find that the noncommutative pressure and the thermodynamic pressure make opposite effects in the phase transition of the noncommutative black hole, where the former corresponds to the ultra-violet physics while the latter to the infrared physics, respectively. Moreover, we show that the reverse isoperimetric inequality [37, 38] remains valid for the noncommutative black hole, and also indicate that the noncommutative black hole with the Gaussian smeared matter distribution holds the maximum entropy for a given thermodynamic volume. The organization of the present paper is as follows. In section 2, we regard the noncommutative parameter as a new pressure variable and discuss the thermodynamic behaviors of the noncommutative black hole in the extended phase space associated with this intensive variable and its conjugate one. In section 3, the maximum entropy problem of the noncommutative black hole is discussed in detail. Finally, we make our conclusions in section 4. Note that the geometric units, = c = k B = G = 1, are adopted throughout this paper.
2 Thermodynamics of noncommutative black holes in an extended phase space Based on noncommutative black holes incorporating effects of quantum gravity in the high energy or short distance regime of gravitational fields, the authors of ref. [39] have indicated that a smeared matter density in a noncommutative manifold is governed by a Gaussian distribution, no longer by a Dirac delta function. From a physical point of view, the noncommutative geometry is described as a fluid diffused around the origin rather than squeezed at the origin. This observation gives the result that the modified energy-momentum tensor with smeared matter distributions corresponds to an anisotropic fluid rather than a conventional isotropic fluid. Moreover, the recent studies [34, 35, 40] show that the Gaussian smeared matter distribution is not always required, as long as the distribution has a sharp peak at the origin like a Dirac delta function, and that the integration of the distribution function takes a finite value.
Hence, a general smeared matter density was proposed [34] ,
where √ θ is the noncommutative parameter with the dimension of length which is associated with the effective minimal length,Ã is a normalization constant 2 and k is a non-negative integer, k = 0, 1, 2, · · · . For instance, the Gaussian distribution corresponds to k = 0, Rayleigh distribution to k = 1, and Maxwell-Boltzmann distribution to k = 2, etc. For a static and spherically symmetric noncommutative black hole, the geometry structure of solutions has to satisfy the two conditions: (i) Radial matter distribution function ρ = ρ(r), which is required by spherical symmetry, and (ii) Covariant energy conservation ∇ µ T µν = 0, which is required by the effective Einstein equations eq. (2.3). In addition, the third condition, (iii) Schwarzschild-like solution g 00 g rr = −1, is added here for discussing the simplest case.
Without it, the noncommutative geometry-inspired dirty black holes can be obtained [41, 42] . Thus, one can find the modified energy-momentum tensor [28] ,
which represents an anisotropic fluid with the density ρ, the radial pressure p r = −ρ, and the tangential pressure p ⊥ = −ρ − (r/2)(dρ/dr), rather than the perfect fluid. We must notice that the non-vanishing radial pressure would balance the inward gravitational pull and prevent the smeared matter collapsing into a point. This effect coincides accurately with the one caused by an effective minimal length in spacetime. Therefore, we consider the modified Einstein equations with the energy-momentum tensor of an anisotropic fluid eq. (2.2) in the AdS background,
and the metric with the spherical symmetry in n dimensions [36] , 
(2.5)
1 The general smeared matter density was applied in three dimensions. Here we extend it to the n-dimensional spacetime based on the achievement [27] for the case of k = 0. 2 The normalization constantÃ can be fixed by using the constraint:
where the parameter M is the ADM mass of black holes, and dV n−1 is an (n − 1)-dimensional volume element. One thus has the complete form of the general smeared matter density, ρ(r) =
Note that ω denotes the area of an (n − 1)-dimensional unit sphere, ω = 2π
, and m(r) is related to the mass distribution function of black holes
where Γ(x) is the gamma function and γ(a, x) is the lower incomplete gamma function. For the non-Gaussian mass density distribution (eq. (2.1)), the matter mean radius reads
The larger the parameter θ is, the more diffuse the matter distribution is, while the smaller the parameter θ is, the more concentrated the matter distribution is. In fact, the noncommutativity of spacetime is a small effect superposed on the ordinary spacetime if it exists. In the limit θ → 0, the matter mean radius goes to zero and the matter mass eq. (2.6) goes to the total mass M, which implies that the matter distribution collapses into a point and the noncommutativity of spacetime disappears. Hence the noncommutative effect is mainly embodied in the region nearby the matter mean radius. The location of black hole horizons is r h , which is thought to be the largest real root of f (r) = 0. The literature [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [34] [35] [36] has pointed out that the black holes with smeared matter distributions possess a significant feature, i.e. the existence of an extreme configuration of black holes, in short an extreme black hole. The temperature of such a black hole vanishes, indicating that it is in a frozen state. The thermodynamic behaviors of the noncommutative black holes have been discussed in the ordinary phase space, see our previous work [36] for the details. Here we only mention the thermodynamic enthalpy H = M for our later use. Utilizing eqs. (2.5) and (2.6), we can get the enthalpy in terms of the horizon radius of black holes r h ,
We now analyze the thermodynamics of noncommutative black holes with a new perspective.
At first, let us have a closer look at the noncommutative parameter θ. It is obvious that √ θ gives the characteristic length of noncommutative spacetimes and its dimension is Length. By analogy with the cosmological constant [13] [14] [15] [16] [17] and the Gauss-Bonnet coupling constant [20, 21] that are all dealt with as a kind of thermodynamic pressure, we regard the noncommutative parameter as a new intensive thermodynamic variable P N C called the noncommutative pressure, which will appear in the Smarr relation. It is known that the thermodynamic pressure P (eq. (1.1)) is associated with the action of the AdS background spacetime to the thermodynamic system of black holes. Similarly, the above noncommutative pressure P N C (eq. (2.9)) can be regarded as the action of the self-gravitating droplet of anisotropic fluid [22, 32] to the thermodynamic system of black holes. With the help of eq. (2.8) and the relevant thermodynamic relation, we have its conjugate extensive variable, i.e. noncommutative volume V N C , 10) where the function G(n, k; x) is defined by
Therefore, the pair of conjugate variables (P N C , V N C ) is used in the physical system that consists of the black hole together with the self-gravitating droplet of anisotropic fluid as a background. Secondly, we suggest that the entropy S of the noncommutative black hole is still the standard Bekenstein-Hawking entropy which equals 1/4 of the event horizon area A,
According to eqs. (2.8) and (2.12), we can obtain the temperature T h ,
In light of eqs. (2.12) and (2.13) we make some comments as follows.
• For the black holes with smeared matter distributions, the extreme configuration exists and its corresponding temperature vanishes. We must guarantee a vanishing entropy for the extreme black hole in accordance with the third law of thermodynamics. The entropy of the extreme black hole is a constant for a given spacetime structure and a fixed matter distribution. Such a constant can be absorbed into a redefinition of entropy. Hence, eq. (2.12) is acceptable as the expression of the entropy of the noncommutative black hole.
• As the temperature and entropy are conjugate thermodynamic variables to each other, it is reasonable to first define the entropy of the noncommutative black hole as that of the commutative black hole in form only. Then we can obtain the temperature according to eq. (2.13). In fact, both the temperature and entropy are noncommutatively corrected because the horizon radius r h is implicitly θ-dependent. We note that such a treatment coincides with that of the pair of conjugate variables (P N C , V N C ), see, for instance, eqs. (2.9) and (2.10). This feature is understandable because the two pairs of conjugate variables appear in the forms of T h dS and V N C dP N C in the first law of thermodynamics.
• The temperature eq. (2.13) turns back to that of the commutative black hole [43] under the limit θ → 0, which shows the consistency of the noncommutative generalization.
At last, the thermodynamic volume V corresponding to the pressure P (eq. (1.1)) takes the form,
We can see that the volume V , like V N C , is also noncommutatively corrected.
In accordance with the above scenario, the first law of thermodynamics for the noncommutative black hole in the extended phase space that contains the variation of the noncommutative pressure can be written as
From the dimensional scaling of the variables,
, we infer the generalized Smarr relation, 16) which is a simple consequence of the first law eq. (2.15) in the n-dimensions spacetime. It can be verified easily when we substitute eqs. (1.1), (2.8)-(2.10), and (2.12)-(2.14) into eq. (2.16). Now we have two pairs of similar conjugate thermodynamic quantities, i.e. the thermodynamic pressure and thermodynamic volume (P ,V ) and the noncommutative pressure and the noncommutative volume (P N C , V N C ). Then let us make a comparison about these two pairs of conjugate variables.
• We notice that the thermodynamic volume eq. (2.14) is positive, while the noncommutative volume eq. (2.10) is negative. They appear in the work terms, P V and P N C V N C , respectively, see eq. (2.16), and have contributions to the enthalpy (or thermodynamic characteristic function) which can be thought of as the total energy of the black hole thermodynamic system. For the negative noncommutative volume eq. (2.10), it can be interpreted as the self-gravitating droplet of anisotropic fluid doing work to the thermodynamic system by pushing against the system and reducing its volume to create the noncommutative black hole via a thermodynamic process. The similar peculiar feature, i.e. the negative volume puzzle, has also appeared in the AdS-Taub-NUT case [44] . For the thermodynamic volume eq. (2.14), it means that a certain part of space is excised to 'make a place' for forming a black hole at the cost of energy P V as reported in ref. [44] .
• The thermodynamic volume eq. (2.14) just depends on the parameters θ, while the noncommutative volume eq. (2.10) depends on the parameters θ and l. In the limit l → ∞, the thermodynamic pressure goes to zero, which implies no AdS background spacetime, while the noncommutative volume becomes
and plays a major role in a thermodynamic process. In the limit θ → 0, although the noncommutative pressure diverges, the work term P N C V N C goes to zero, which implies no noncommutative effect, while the thermodynamic volume eq. (2.14) turns back to the commutative one, V commutative = ωr n−1 h /(n − 1). Hence such an asymptotic behavior is acceptable for this new pair of conjugate variables (P N C , V N C ) in the first law of thermodynamics under the limit θ → 0. From the minus sign of the noncommutative volume, we predict that the two pressure variables (P and P N C ) will play an opposite role in the thermodynamic process, which will be confirmed in the behaviors of the Gibbs free energy.
• Due to the observation mentioned above that the noncommutative effect is mainly concentrated in the vicinity of the matter mean radius eq. (2.7), we find that our model can be regarded as an analogue to the evaporation of liquid droplets in which the two work terms σdA (surface tension σ and surface area A ) and PdV (vapor pressure P and volume V ) play an opposite role in order to keep the liquid droplet in equilibrium and both of them appear in the first law of thermodynamics. In our model, the corresponding two work terms are P N C dV N C and P dV that appear in the first law of thermodynamics for the noncommutative black hole, see eq. (2.15).
Next we consider the Gibbs free energy that is defined as the Legendre transform of the enthalpy (eq. (2.8)) ,
By inserting eqs. (2.8), (2.12), and (2.13) into the above definition, we can obtain the exact expression of the Gibbs free energy,
Incidentally, the Gibbs free energy tends to the commutative formula [45] under the limit θ → 0,
The behaviors of the Gibbs free energy governed by eq. (2.18) are plotted in Figures 1 and  2 . In Figure 1 , the phase transition is described for the constant thermodynamic pressure P but the varying noncommutative pressure P N C . The critical noncommutative pressure corresponds to θ c = 0.815, see the fifth diagram of Figure 1 . Once the noncommutative pressure P N C is lower than the critical noncommutative pressure, or the noncommutative parameter is larger than θ c , the characteristic swallowtail behavior disappears, which means that no first order phase transitions occur. In Figure 2 , the phase transition is depicted for the constant noncommutative pressure P N C but the varying thermodynamic pressure P . The critical thermodynamic pressure corresponds to l c = 7.855, see the yellow curve in Figure 2 . When the thermodynamic pressure P is larger than the critical thermodynamic pressure, or the curvature radius of the AdS spacetime is smaller than l c = 7.855, no first order phase transitions occur. As a result, the thermodynamic pressure P and noncommutative pressure P N C give the opposite contributions to the first order phase transition. Physically, P dominates the infra-red regime (lower than its critical thermodynamic pressure) while P N C does the ultra-violet regime (larger than its critical noncommutative pressure). As our special examples, we also give the asymptotic behaviors of the Gibbs free energy under the limits θ → 0 and l → ∞ in Figures 1 and 2 , respectively. The first limit leads to the case of the pure AdS spacetime without noncommutativity, and the second one to the noncommutative case without the AdS background as reported in ref. [26] .
From eq. (2.18) we notice a special point where the Gibbs free energy vanishes. This special point dubbed by r g satisfies the following equation,
Under the commutative limit, it comes back to the known result r g = l given in ref. [46] . At this point, the first order Hawking-Page phase transition shows up between the thermal radiation and the large black hole. If r h < r g , the noncommutative AdS spacetime is more stable, which means that the black hole will evaporate. If r h > r g , the Gibbs free energy is negative, indicating that the black hole is in a more stable thermodynamical configuration. For n = 5 and k = 3, plots of the relation of G with respect to T h at the constant noncommutative pressure P N C that corresponds to θ = 0.5 but at different thermodynamic pressure P that corresponds to l = 7 (Black), 7.855 (Yellow), 9 (Red), 11 (Orange), 13 (Green), and 15 (Purple), respectively. The blue dashed curve is associated with the vanishing thermodynamic pressure that corresponds to the asymptotic Minkowski spacetime with l → ∞.
Isoperimetric inequality
In the Euclidean space, the isoperimetric inequality implies that the geometric volume V and area A satisfy the following inequality for a given (n − 1)-dimensional connected domain,
where the equality holds if and only if the domain is a standard round ball. As a counterpart, the reverse isoperimetric inequality has been asserted [37, 38] in any asymptotic AdS black holes,
where V denotes the thermodynamic volume and A the horizon area of black holes. Note that the equality is attained for the ordinary Schwarzschild-AdS black hole. Physically, the reverse isoperimetric inequality indicates that the entropy of black holes is maximized for the Schwarzschild-AdS spacetime at a given thermodynamic volume.
Up to now, the above statement has been verified for a variety of black holes with the horizon of spherical topology [37] and black rings with the horizon of toroidal topology [38] . The only counterexample, as we know, is the ultra-spinning black hole [47] . However, the reverse isoperimetric inequality still remains valid for noncommutative black holes with smeared matter distributions. Let us check it.
In our case, with the help of the entropy (eq. (2.12)) and the thermodynamic volume (eq. (2.14)) of noncommutative black holes, we can obtain
Considering the property of the lower incomplete gamma function, we yield R ≥ 1 and the equality is attained for taking the commutative limit θ → 0, i.e. for the ordinary SchwarzschildAdS black hole. In other words, for a black hole with a kind of smeared matter distributions, its entropy is smaller than that of the black hole without any distributions at the same thermodynamic volume. Next, we turn to the discussion about which kind of distributions corresponds to the maximum entropy for the black holes with smeared matter distributions. We compare the two kinds of distributions with the power index k and k + 1, respectively, see eq. (2.1), in the ndimensional spacetime. The ratios are denoted by R n,k and R n,k+1 , respectively, and the ratio of the two ratios can be calculated to be .
(3.4)
We can prove 0 < R n,k /R n,k+1 < 1, which means that the black hole with the Gaussian smeared matter distribution (k = 0) holds the maximum entropy for a fixed spacetime dimension at a given thermodynamic volume, as expected. In other words, the more concentrated the matter distribution of black holes is, the greater the entropy of black holes is.
Conclusion
Based on our recent work [36] about the high-dimensional Schwarzschild-Tangherlini AdS black hole with the non-Gaussian smeared matter distribution, we deal with the noncommutative parameter as an independent thermodynamic variable called the noncommutative pressure. As a result, the noncommutative pressure together with its conjugate volume appears in the generalized Smarr relation and its variation comes out in the first law of thermodynamics. Through analyzing the Gibbs free energy, we point out that the noncommutative pressure and the thermodynamic pressure make the opposite effects in the phase transition of noncommutative black holes. Physically, the noncommutative pressure dominates the UV physics while the thermodynamic pressure does the IR physics. We also discuss the first order Hawking-Page phase transition. Furthermore, we calculate the reverse isoperimetric inequality for the noncommutative black holes and indicate that the noncommutative black hole with the Gaussian smeared matter distribution (k = 0) holds the maximum entropy at a fixed thermodynamic volume.
